Mathematical Appendix

“Sources of Economic Growth in Models with
Non-Renewable Resources”

A. Nested CES Production Functions

In this section, we will verify that Assumption A2 is satisfied by all the nested CES production
functions considered in Sections 3 and 4 of the paper. We begin with the specification considered

in Section 3, which is

F(K,Z) =[aK!+(1—a) 27, withae (0,1) and <1,

1

G (QuXp, ANy = |0 (QuXy)Y + (1 — @) (A V) ] ,  with ¢ €(0,1) and ¢ < 1.
First, consider capital input. If n < 0, then

lim F (Kt, G (QtXt7 AtNt)) = 0,
Ki—0

for any Q; Xy > 0 and ANy > 0, regardless of the value of 1. Thus, physical capital is essential

for production when n < 0. If n € (0,1), then
I}imoFl (K, G (Qe X, AtNy)) = o0,
t—
regardless of the value of 1. Next, consider the inputs of G (-). When ¢ < 0, we have
)}:TOG (Qi Xy, AtNy) = ]\1[?_1)10(; (Qi X, AyNy) = 0,
1

1 . 1
lim Gl (QtXta AtNt) = and lim G2 (QtXh AtNt) = (1 - QO) .
Xt—>0 Nt—>0



There are now two subcases to consider: If ¢ < 0 and 1 < 0, then both natural resources and

labour are essential for production, i.e.,
)}lmOF (Kt, G (QtXt7 AtNt)) = ]\lflmOF (Kt, G (QtXt7 AtNt)) = 0
t— t—

If » <0 and n € (0,1), then we can show that

11
oYy . G (Qe X, AtNy) 1" ! .
Aox, “—®{9&%[ K, ey G @ Ay G
= (1-0a)-00-¢¥Q; = 0.
Likewise,
n 1
) 7 : G (Qi Xy, AtN) |~ ! :
MZaN, ﬂ-*”{aﬁfo{ K, e G @ AN -4

= (1—oz)-oo.(1—<p)%At:oo.
If ¢» € (0,1), then we have
1 ) 1
)}imOG (Qe X1, AeNe) = (1 — @) ¥ (ArdVy) and ]\lflmoG (QeXt, AtNt) = 07 (QeX2)
t— t—

;}EIEUGl (Qe Xy, AyNy) = J\EIEOC% (Qi Xy, AyNy) = o0.

Using these we can obtain

I —aYt—F(K (1= )% ANy | lim G (QuXr, ANy | =
XiIBOGXt_ 2 ts ¥ t1Vt Xir_{lo 1 (KtAg, AdVe) | = 00,
) 1 .
im i = P (8% | fim G2 @Xe A | = .

Note that these results hold regardless of the value of 7.
Next, we turn to the production function in (44). There are now only two possible cases: If

1 < 0, then all three inputs are essential for production. If ¢) € (0,1), then we can obtain

1
—p) v !

Y; AN,
lim —L = Ao+ (1 —¢) lim #1—@
K (QiXy)

= 0
th’oaNt Ntﬂo ’




Note that the production functions in (44) and (45) are essentially identical, except that AV
and Q;X; have switched place. Thus, using the same line of argument we can show that (45)
satisfies Assumption A2.

We now consider the production function in (46). The first thing to note is that labour input
is essential for production regardless of the value of . If v < 0, then both physical capital and
natural resources are essential for production. What remains is to consider the marginal product

of these inputs when ¢ € (0, 1) . Straightforward differentiation gives

1 B
oy, AN\ K\ Y] K\ v
m_(l_ﬁ)(p(QtX) [SO—F(l_SO)(QtXt) ] [SO <QtXt) i ’

Fomomon () (5 oo

Using these and the following properties,

S B 14
dim ¢+(1—¢)<Q[§Q> w]w = lim [w (%?) w+(1—<p)r = 0,
K\ -5 L
Iggo [SO (QtXt) +1—<p] = (1= %,
QX \Y 5 _8
i <p+(1—s0)< i > ] =¢ 7,
we can get
Y, .oy

Hm 220 = Jim 2 = o,
KoK,  xitoox, 0

Since (46) and (47) are symmetric, the same line of argument can be used to show the desired

properties for (47).



B. Proof of Theorem 3

We will consider each of the specifications in (44)-(47) separately. For each specification we will
first verify the existence of a positive constant £* such that K; = x*Y; for all ¢ under conditions

(vi)-(viii) in Section 3 of the paper.

Specification 1 We begin with the production function in (44). Under this specification, the

first-order conditions for the representative firm’s problem are given by

(1 . SO) anl—lﬂng—l (QtXt)(l—Oé)T/} =1 4 5, (Bl)
(1—¢) (1 —a) Y, VKM QX)) ™Y Q= (1 4 p) i, (B.2)
PY,; Y (AN Ay = wy. (B.3)

Combining (B.1) and (B.2) gives

peXe  (1—a)(ri+9)
Kt N 01(14‘#) .

(B.4)

Suppose conditions (vii) and (viii) are satisfied, i.e., 7 = r* > —§ and 74 = 7* for all t. Then
both p; and X; are growing at some constant rate. It follows from (B.4) that K; must also be

growing at a constant rate. Next, dividing both sides of (15) by K; gives

Kt+1: L wlNy 1-71ypXy (B.5)
Ky 240 K, e Ko .

If conditions (vii) and (viii) are satisfied, then 74, p; X;/K; and K;41/K; are all constant over time.
Hence, wyN;/K; must be constant over time as well. Finally, rewrite the production function in
(44) as

_al?
Y =0 (AN)Y + (1 — @) | K8 (QeX) ™| .

Substituting (B.2) and (B.3) into this expression gives

Y;
X wi Ny 1+/Ltht.
Kt Kt 11—« Kt

This shows that Y;/K; is constant over time under conditions (vii) and (viii).



Substituting 7, = r* and K; = £*Y; into (B.1) gives

_ ~\ (a=1)¥
o K (a=1)1p vt [ K i
(-9 (G) " = a-paey (2 s

This shows that the ratio between /lgt and Ty must be constant over time, or equivalently,

Tey1 kst R I+qg(1-77)

Tk l+ta (I4a)(1+n)’

By the same token, we can also rewrite (B.2) and (B.3) as

7 (a—1)y+1
(I+mpe=(1—¢)(1—a) (=) (é) o (B.6)
wy = @ (K)Y7! /k\:tl_wAt. (B.7)

Since the ratio between Et and Z; is constant over time, it follows from (B.6) that p; must be

growing at the same rate as Q;. By (4), we can write

Pt+1

* Qt—I—l
g 1 + —
Dt Qt

=1+4q.

The last step is to substitute (B.6) and (B.7) into (16). This will give

~\ (e=1)¢
b eyt | e e (1= (=@ a-a) (R)
(I1+a)(14+n)kir = (%) 2+9kt ( o ) 1+p 7y b

~ ~ (a—1)
kiiq 1 © g <1 — T*> (1-—9)(1—a) [k
( a)( n) Ky (K7) 2401 T* 1+p Ty

Since both Zth / /k\;t and Et /T are constant over time, it follows that the level of Et must be constant
over time in any equilibrium that satisfies conditions (vi)-(viii). Hence, we have v* = 1+4a, r* = g,

and (1—-7")=(14+a)(1+n)/(1+q).

Specification 2 Consider the production function in (45). The first-order conditions for the

firm’s problem are now given by

(1— )V YK (AN)I=Y =y 4§, (B.8)



Y T (QueX) T Qe = (1+ ) pr, (B.9)
(1=¢)(1—a) Y VKM (A NP9 Ay = . (B.10)
Combining (B.8) and (B.10) gives

tht 11—«
= J
x, o (r¢ +6),

which is constant over time under condition (vii). By assumption, both 4; and N; grow at some
exogenous constant rate. Condition (vi) implies that Y; is growing at a constant rate, while
condition (vii) states that r; is time-invariant. Thus, it follows immediately from (B.8) that K
must be growing at a constant rate. Equation (B.5) then implies that p,X;/K;.must also be
constant over time under conditions (vi)-(viii). Finally, rewrite the production function in (45)

as

Y = p(@x)" + (1 - ) [Kp (av) ]

Substituting (B.8) and (B.9) into the above expression and rearranging terms gives

i peXy I—p
Kt—(1+,u) e —i—( 5 )(Tt+(5).

Thus, a constant 7, and a constant ratio p;X;/K; will imply a constant capital-output ratio.
Using the two conditions: K; = k*Y; and r; = r*, we can rewrite the first-order conditions
(B.8)-(B.10) as
(1= @) () ek =17 45,

~ N\ 1%
w%ﬂw4<A> Qe = (1+ p) pr, (B.11)

1—¢)(1—a) (k" ¥-1 i{:\(afl)wHAt = w;.
t

The first one of these equations immediately implies that 7<:\t is constant over time, so that v* =

1 + a. Substituting the last two equations into (16) gives

o\ 19
e 1-— 1—a)~a— 1—-7* k .
Kii1 = ANy (57)Y71 (gﬁe)% ”W1—< >@<J> Z

~ 1— 1— ~— 1 — 7% ~
:>(1+a)(1+n)kt+1:(,{*)¢_1 wk( 1)¢+1_<T> ¥ k:tl " 1/,]‘

246 t T*



Since Et is constant over time, the above equation implies that Z; must be constant over time as
well. Finally, (B.11) implies that p; must be growing at the same rate as @; in any equilibrium

that satisfies conditions (vi)-(viii), so that r* = q.

Specification 3 Next, we consider the production function in (46). The equilibrium factor

prices are now characterised by

-1

u—mwpmhwuwﬂ@&wff (AN K™ = 46, (B.12)

18
(1-=8)1—-) [‘PKZb +(1 -9 (QtXt)w] 5 (AN QX)) Qe =1+ p)py,  (B.13)

[@Kf’ +(1-9) (QtXt)w] ¥ B(AN) ™ Ay = wy. (B.14)

Combining (B.12) and (B.13) gives

pXy 11— (re+9) (QtXt>¢‘ (B.15)

Ke ¢ (1+4p) K

Suppose both r; and 7; are constant over time. Then the above expression implies that K; must
be growing at a constant rate over time. From (B.14), we can get SY; = w;N;. Substituting this

into (B.5) gives
Kiywn B Y2 1-1ipXy

— -t . B.16
Kt 2 -+ 9 Kt Tt Kt ( )
Finally, rewrite (B.12) to become
Y, KY
-5 (1) |2 ¢]=m+®
t) LKy + (1 — ) (QXt)
i _(m+d) |,  1-¢ <QtXt>w rd 1+ ppXe
— = 1+ = + . B.17
K 1-5 ' K, 1-5 1-8 K ( )

The second equality is obtained by using (B.15). Equations (B.16) and (B.17) now form a system
of linear equations that can be used to solve for the value of Y;/K; and p;X;/K; in terms of
Ki+1/Ky, 74 and ry. Since K;y1/Ky, 7¢ and 7y are all time-invariant under conditions (vi)-(viii),
it follows that Y;/K; and p;X;/K, are also time-invariant.

Note that the condition Y; = %Kt can be rewritten as

[k + (1 -3} © = R



Using this, we can rewrite (B.12)-(B.14) as

b PO
(1-B) (1) ()T Tk 2 Q= (14w p,

1 o~
— BAkt = wy.
K

The first of these three equations, together with r; = r*, implies that %t must be constant over

time. Hence, v* = 1 + a. Substituting the last two equations into (16) gives

Ky = ANy

k 1—7\ (1-8)(1- PO
(Qfet)/f*_< T*T>( 16)-|-(,u ) (“*)1% ktl 176@/}

= (L) (Ut m s = ot = (120 ) BEREZ0) oy gy,

240k \ 7 1+ p
Since Et is constant over time, the above equation implies that Z; must be constant over time as

well. The remaining results follow by the same line argument as in Specification 2.

Specification 4 Finally, we consider the production function in (47). The first-order conditions

for the firm’s problem are now given by

1—v

(1) o QX" [oKY + (1—9) (AN)*] T KV =44, (B.15)
Q)™ Qe+ (1— ) (4] T = (4w (B.19)
(1 =) (1) (QeX4)" [‘PKZ/} +(1-9) (AtNt)w] A (AtNt)w_l A = wy. (B.20)
To start, using (47) and (B.19) we can obtain
pXe v Y
Ky I+ p Ky
Next, combining (B.18) and (B.20) gives
weNy _ (1= ) (re+9) <AtNt)¢' (B.21)
Ky @ Ky



Substituting these into (B.5) gives

Kt (=@ (e +0) (ANNY v [(1-7\ Y
K 9240 < Kt> _1+u< > (B22)

We then use (B.18) to derive

Y, (148 11— (AN
B (4]

Equations (B.22) and (B.23) form a system of linear equations which can be used to solve for

Y:/ K and (AtNt/Kt)w in terms of K;1/Ky, r and 74. By conditions (vii) and (viii), both r, and
Tt are time-invariant. Thus, what remains is to show that K; /K is a constant under conditions

(vi)-(viii). To this end, rewrite (B.19) as

} - (QiX1)”

oKV 4 (1— ) (AN, = [(1+u) Py

v Qt
and substitutes the above expression into (B.18) to get

1—v—1p

4 Q1

The desired result follows from the fact that r; is time-invariant and {p;, X;} are growing at
a constant rate under conditions (vii) and (viii). This proves that Y;/K; is a constant under
conditions (vi)-(viii).

Next, we rewrite equations (B.18) and (B.19) as

l1—v—1
(1— ) pa? (gokf’ +1- go) R =6 (B.24)
Y; o1 /\dj 1;1}
vy, T v (Sf?k’t +1- 90) Qt = (1+ p) pe- (B.25)
The condition Y; = ,%*Kt can be rewritten as
~ Lo 1~
& (wk;ﬁ v1- (p) T =k (B.26)



Combining (B.24), (B.26) and r, = r* gives

i(l_v)wk;ﬂ —r* 4 s
K ok! +1—¢

= (1—v) k! = (r* 4+ 6)K* (goiﬁ\zp—i—l—go).

This can be used to derive a unique solution for 7{:} which depends only on r* and some parameters.
Hence, v* = 1 + a. Equation (B.26) then implies that z; is also constant over time. Hence,
1—7*=(1+a)(1+n)/(1+q). Finally, given k; = k* and 3; = #*, equation (B.25) implies
that p; and ); must be growing at the same rate. Hence, r* = q.

This concludes the proof of Theorem 3.
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C. Infinitely-Lived Consumers

In this section, we will show that the “knife-edge” condition of a unitary elasticity of substitution
between effective labour input and effective resource input plays the same critical role in generat-
ing endogenous economic growth in an environment with infinitely-lived consumers. Specifically,
an endogenous growth solution similar to the one in Agnani, Gutiérrez and Iza (2005) can be
obtained when the elasticity of substitution of G (-) is identical to one. But if this elasticity
is bounded away from one, then the common growth factor v* and interest rate r* are solely
determined by the growth rates of the exogenous technological factors (i.e., A; and Q).
Consider an economy that is populated by H > 0 identical households. Each household
contains a growing number of identical, infinitely-lived consumers. The size of each household at
time ¢ is given by N; = (1 +n)", with n > 0. Since all households are identical, we can focus on
the choices made by a representative household and normalise H (which is just a scaling factor)

to one. The representative household solves the following problem:

1 —0

Z BNy
{Ct,Kt+17Mt+1}t 0%

subject to the sequential budget constraint
Nier + K1 + peMevr = wilNy + (1 + 1¢) Kt + peMy,

where 8 € (0,1) is the subjective discount factor; o > 0 is the reciprocal of the elasticity of
intertemporal substitution (EIS); ¢; denotes individual consumption at time ¢; Ky and M; are,
respectively, the household’s holding of physical capital and non-renewable resources; p;, w; and
ry are as defined in Section 2.1 of the paper. The first-order conditions of this problem imply the

Euler equation for consumption,

T [B(1+ 1)) (C.1)

Ct

and the Hotelling rule,

Pty + i1
bi

We do not consider the resource tax in this setting (i.e., 4 = 0). The rest of the economy is the

same as in Sections 2.2 and 2.3 of the paper. In particular, the first-order conditions for the firm’s

11



problem, (10)-(12), and the dynamic equation for natural resources, (13), remain unchanged. In

any competitive equilibrium, goods market clear in every period so that
NtCt + Kt+1 — (1 — (5)Kt =F (Kt, G (QtXty AtNt)) s for all ¢ > 0. (C2)

This replaces the capital market clearing condition in (16).

When characterising a balanced growth equilibrium, we maintain the three conditions (vi)-
(viii) listed in Section 3. Note that Lemma 1 is also valid in this environment. First, consider the
case when G (-) takes the Cobb-Douglas form, or equivalently, o¢ (-) is identical to one. Dividing

both sides of (C.2) gives

Nicy T Kt+1
K; K;

)= F(Kt,G(%tXt,AtNt)).

Hence, in any balanced growth equilibrium, aggregate consumption Nyc; must be growing at the

same rate as K; and Y;. This, together with the Euler equation in (C.1) implies
* * 1
Y =[Ba+r))e,

where 7* is again the growth factor of per-capita output in a balanced growth equilibrium.
Next, note that the arguments in Step 1 and Step 2 of the proof of Theorem 1 are built upon
the properties of the production function and the characterising properties of balanced growth
equilibrium. In particular, these arguments do not rely on the consumer side of the economy.
Hence, they remain valid in this environment. Consequently, we have

1—r\'?
* — 1
= ()

(147 (1= ) =7 (14n),
where 1+ b= (1+a)? (1 + q)' 7% Using these three equations, we can derive
* _9 o
1+ =p"=(14+b)=,

1—0o
w

1—7* =B85 (1+b) = (14+n),

dla

. 1-6
Y'=p8"= (1+b)=,
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where w=1— (1 —0) (1 — ¢). Thus, a unique balanced growth equilibrium exists if

1—0o
w

B= (1+b) = (1+n)e€(0,1),

which ensures that 7* € (0,1). Notice that both v* and 7* are endogenously determined by a
host of factors as in the AGI solution.

Suppose now o¢ () is never equal to one. Since the arguments in Step 1 and Step 2 of the
proof of Theorem 2 remain valid in this environment, we have v* = 1+ a, r* = ¢, Et = k* and

Ty = *. These in turn imply that

(1+a)(1+n).

1—7%=
14¢
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